We give a precise description of the decompactification limit of a family of worldsheet sigma models using 2d renormalization group (RG) methods. We adapt Affleck and Ludwig's g-theorem from boundary conformal field theory (CFT) to critical string theory, where the worldsheet theory has vanishing central charge and the fixed points can include noncompact CFTs. It has been conjectured that an analog of the boundary entropy, g, that is lowered under relevant RG flows of the bulk CFT is the bosonic vacuum degeneracy, g cl . We point out in this paper that g cl counts the number of relevant bulk operators, or closed string tachyons, and that their contribution to the string free energy is unambiguously normalized: the choice of Weyl invariant worldsheet regulator is unique. Thus, unlike a generic 2d field theory, the relevant operators make a universal contribution to the string free energy. We give an example of an integrable relevant flow terminating in a noncompact infrared (IR) fixed point. Our example taken from the closed oriented type II superstring thermal ensemble demonstrates that g cl is indeed lowered, and that the contribution to the string free energy from relevant operators is universal at all points along the flow. The IR fixed point is the noncompact supersymmetric type II vacuum with a continuous spectrum of scaling dimensions.
Introduction
It is well-known that the free energy, F (β), of a weakly coupled string ensemble is related to the vacuum functional, the sum over connected vacuum graphs, W (β), of a Weyl invariant two-dimensional quantum gravity: F = −W/β, where β is inverse temperature. Let F/V = ρ(β) denote the vacuum energy density at finite temperature, where V is the spatial volume of the embedding target space [1, 26, 27, 28] . The zero temperature vacuum energy density, or cosmological constant, will vanish in any supersymmetric, Lorentz invariant string vacuum. We are interested in this paper in investigating the vacuum energy density in the finite temperature string vacuum using two-dimensional renormalization group (RG) flow arguments. The role of the relevant, or marginal, coupling of worldsheet RG flow will be played by the inverse temperature β in this discussion. In the Euclidean time formulation of finite temperature string theory, β/2π is also the "radius" of the embedding Euclidean time coordinate. Notice that the vacuum functional W = −βV · ρ(β) is an intensive variable in the thermodynamic sense: it is dimensionless with respect to both target spacetime and worldsheet length scales. It is this dimensionless quantity, W , which is computed from first principles by the Polyakov path integral [7, 1, 28] which sums over connected worldsheets of definite Euler number, χ. The summation over worldsheet topologies, where individual contributions to the sum are distinguished by Euler number, is in one-to-one correspondence with the perturbative expansion of the string vacuum functional, namely, the sum over connected vacuum string graphs, where the individual contributions are weighted by a fixed power of the string coupling: (g s ) χ [26] . This relation provides the precise connection between worldsheet and target spacetime formalisms for the vacuum energy density in a given vacuum of a perturbative string theory.
It follows that 2d quantum field theory arguments and, in particular, the analysis of worldsheet RG flow under both relevant [5] , and marginal [11] , deformations, are a powerful way to describe the vacuum configuration space of a given perturbative string theory [26, 24] . This is especially true when the worldsheet CFT has current algebraic, or affine Lie algebraic, symmetry such that the marginal [14] or relevant [10] flows of the worldsheet renormalization group represent integrable deformations [14, 10] : the 2d quantum field theory, and all of its correlation functions, are exactly solvable as functions of the (marginal) relevant coupling parameterizing the RG flow. In this paper, we describe a simple example of such an integrable flow of the worldsheet RG in type II superstring theory. Our results are exact and nonperturbative in the relevant coupling, precisely as in [10] , but our example does not require any knowledge of sophisticated affine Lie algebra techniques. The application we will discuss is taken from the subject of closed superstring thermodynamics in the canonical ensemble [28] . Quite apart from its implications for superstring thermodynamics, and as an illustration of the spontaneous restoration of supersymmetry in the decompactification limit of the target space, we hope that this pedagogical example of an integrable RG flow will be helpful to a wider audience of 2d CFT enthusiasts. The decompactification limit at the termination of the RG flow we consider happens to be the simplest known example of a noncompact conformal field theory: a CFT with a continuous spectrum of scaling dimensions. Thus, although our example of an integrable 2d RG flow is exactly solvable, it nevertheless allows us to probe some of the less clearly understood regimes of the phase space of generic 2d worldsheet sigma models.
A classic result for the analysis of relevant RG flows in compact unitary 2d conformal field theories is Zamolodchikov's c-theorem [5] : the effective central charge is lowered along a relevant flow connecting two compact fixed points of the RG. As is well-known, in critical string theory, the total central charge vanishes: c matter +c ghosts = 0, and we have an exactly Weyl invariant worldsheet theory [1] . Notice that while the worldsheet ghosts introduce potential non-unitarity with their negative contribution to the central charge, all of the bosonic states in the partition function of the worldsheet CFT contribute with positive sign, and Zamolodchikov's theorem is therefore expected to hold [15, 22, 24] . But there is a different problem: the fixed points of interest in string theory include those describing the noncompact, decompactification limits of the target spacetime. These are 2d CFTs characterized by a continuum of scaling dimensions [3] , and they are not covered by the assumptions inherent in the Zamolodchikov c-theorem. This was first pointed out by Polchinski in [3] . To understand the nature of worldsheet RG flows to a noncompact fixed point, we will introduce a different strategy in this paper. We will use the fact that the 2d Weyl invariance of critical string theory is a powerful symmetry that can exist even in the absence of 2d conformal invariance [1, 3] . 2 In the type II superstring application we discuss in this paper, we will give an explicit demonstration of how the c-theorem can be circumvented in flows to a noncompact fixed point of the worldsheet RG. We will establish that the central charge of the bulk CFT is unchanged along such a flow by direct computation of the string free energy as a nonperturbative function of the relevant coupling β. Our result holds at one-loop order in the string coupling constant, g s . We will address the extent to which our conclusions are expected to hold at higher orders in string loop perturbation theory in the Conclusions [28] . As an aside, we should remind the stringtheorist reader that we are working to all orders in the α ′ expansion. Thus, we have an exact CFT description of the type II string vacuum at arbitrary values of the relevant coupling β along the flow to the IR fixed point of the worldsheet CFT.
It is helpful to clarify the connection of our work to some recent conjectures in the string theory literature. A spate of recent papers have addressed the phenomenon of tachyon condensation using a variety of techniques drawn from both string field theory, and the worldsheet renormalization group [4, 24] . We will have nothing to say about the former approach in this paper. An interesting puzzle raised in [4] is that of localized closed string tachyon condensation in the context of noncompact worldsheet sigma models, specifically, the noncompact orbifolds, C 2 /Z N , where the RG flows are induced by tachyonic twisted sector states. The twisted sector operators are localized in the target spacetime since they live on the fixed points of the noncompact orbifold. In such cases, the assumptions under which Zamolodchikov's c-theorem [5] holds are not obviously satisfied [3, 4] , and it is interesting to investigate the stable end-point, if any, of worldsheet RG flow. Adams, Polchinski, and Silverstein [4] conjectured that the RG flow will be so as to smooth out the orbifold singularity such that the IR stable fixed point describes a supersymmetric ALE space. This includes flat spacetime as a special case. As potential difficulties with their hypothesis, [4] notes the difficulty in establishing a c-theorem in noncompact target spaces, as well as the fact that compact target spacetimes with positive curvature are expected to flow in the direction of increasing target space curvature [3] . We will have nothing to say about the latter issue in this paper.
Given that Zamolodchikov's c-theorem does not incorporate noncompact CFT fixed points with a continuum of scaling dimensions, 3 it is interesting to ask what quantity in the bulk CFT other than the effective central charge might be minimized under worldsheet renormalization group (RG) flows to a noncompact fixed point? We should note that this is a question of fundamental interest in perturbative string theory [3] , far beyond the particular context in which it has been recently raised in the refs. [4, 22] . Harvey, Kutasov, Martinec, and Moore [22] have proposed an answer for the case of the localized closed string tachyons that characterize the twisted sector deformations of C 2 /Z N orbifolds considered in [4] . Ref. [22] notes that closed string tachyons localized on the fixed points of an orbifold target space resemble boundary perturbations, in the sense that the boundary operators are also localized on Dbranes in an embedding target space. A suitable analog of Affleck and Ludwig's boundary entropy, g, characterizing the RG flows might therefore be the bosonic vacuum degeneracy of the bulk CFT. They propose further that the bosonic vacuum degeneracy, g cl , is always lowered under flows induced by a localized closed string tachyon. We will focus on this aspect of the conjecture in [22] . We have nothing more to say about the remaining analysis of Ref. [22] in our paper, since that analysis is specific to twisted sector perturbations of noncompact C 2 /Z N spacetimes.
Adapting the g-Theorem to Bulk CFT
Let us begin with a brief review of the g-theorem in compact, and unitary, 2d boundary CFT, while simultaneously incorporating the recent insights of Harvey, Kutasov, Martinec, and Moore [22] on a suitable analog for RG flows in the bulk CFT that also preserve the central charge. Since the central charge is a measure of the degrees of freedom that propagate in the 2d bulk, it is clear that boundary perturbations cannot change the central charge even in the case of a compact CFT. Affleck and Ludwig therefore introduced the concept of boundary entropy, which they denote by the symbol g. They begin by making three separate observations that suggest the possibility of an, in general, non-integer vacuum degeneracy, g, in a conformal field theory defined on a strip of edge-length l. In the case of a nontrivial boundary condition along the edges of the strip, the following statements are known to hold true: i) in the large l limit, the high energy spectrum of the conformal field theory is expected to approach a continuum with energy levels E n scaling as n/l, and the asymptotic degeneracy takes the well-known form:
where c is the central charge. Clearly, there is no a priori reason for the coefficient g to be an integer. Ref. [22] points out that an analogous expression characterizes the density of states in any bulk CFT. In cases where the Zamalodchikov c-theorem does not apply, as in the case of a noncompact target spacetime [3] , it is natural to propose that the analogous numerical coefficient of the density of states function in the bulk CFT might be an appropriate analog of AL's boundary entropy: the leading measure of the number of 2d bulk CFT degrees of freedom lowered under RG flows which preserve the central charge. This is [22] 's proposal, with corroborative evidence provided for the specific example of twisted sector perturbations of the noncompact orbifolds, C 2 /Z N where g cl has indeed been shown to take non-integer values [22] . 4 ii) As was first emphasized by Cardy, a conformally invariant boundary condition corresponds to a boundary state and so, interchanging the role of the coordinates on the strip, this implies the following factorization condition for the transfer matrix Z AB between boundary states |A >, |B >, in the limit l→∞:
Here E 0 is the ground state energy for the CFT Hamiltonian. AL identify the vacuum degeneracy, g, with the product g A g B , where g A =< A|0 >, g B =< B|0 >. This observation has a precise analog in the factorization limit of the channel diagram of open string theory: this limit of the one-loop open string vacuum amplitude samples the high energy asymptotics of the open string density of states [26] . A further point that we will develop in our discussion below is the fact that, in string theories, the boundary states are also unambiguously normalized as a consequence of 2d Weyl invariance [1, 26, 27] . Thus, the worldsheet ultraviolet regulator-dependent ambiguity of a generic 2d QFT that necessitates AL's next step, namely (iii), does not exist in string theory.
What about the relevant flows of the RG in a 2d bulk CFT that are known to preserve the central charge? In parallel with the boundary CFT, we can write down the partition function of the bulk CFT on the strip parameterized by a single complex modulus, (τ 1 , τ 2 ), and with fixed central charge c [26] :
where
is the CFT momentum, and the trace is over the Hilbert space of the CFT. Expanding the bulk CFT partition function in powers of (qq) reveals the leading contributions in the τ 2 →∞ limit given by the lowest-lying states in the bulk CFT. The numerical coefficient of e 2πτ 2 will count the number of relevant operators in the bulk CFT. These are the operators of interest to us since they determine the RG flows to the infrared regime: which flows terminate in a fixed point? In practice, one must also take into account the physical state conditions of string theory to determine the number of relevant operators in the bulk CFT that are also in the string theory physical spectrum [26, 24] . As was noted in Ref. [22] , the bosonic vacuum degeneracy of the bulk CFT, g cl , can equivalently be inferred by inspection of the leading contribution to the partition function in the deep ultraviolet region |τ | → 0:
We note that, as a consequence of the modular invariance of one-loop closed string amplitudes, the infrared region of the modular integral can always be mapped by a τ →−1/τ transformation to the deep ultraviolet region [1, 26, 22] , and vice versa.
iii) Affleck and Ludwig's final observation is as follows [2] . The free energy associated with the boundary degrees of freedom in a generic boundary 2d CFT is given by the expression
lnZ, where b is the (dimensionful) width of the strip, essentially the ultraviolet, or short-distance, cut-off for the 2d quantum field theory. Thus, the free energy of a generic 2d quantum field theory contains both a term independent of this dimensionful factor, namely, the universal contribution to the free energy, whose normalization is ultraviolet regulator independent, and a non-universal term that is inversely proportional to the short distance cut-off. 5 The universal contribution to the free energy of the boundary quantum field theory results in a universal contribution to the entropy, giving rise to the term boundary entropy, denoted g. Thus, more precisely, it is the universal contribution to g which is conjectured by AL to decrease under RG flows induced by relevant operators living on the boundary [2] .
The precise refinement of Affleck and Ludwig's statement (iii) for string theories, as opposed to generic 2d quantum field theories, therefore yields a profound insight. As in the case of the boundary flows [2] , the bosonic vacuum degeneracy of the bulk CFT is indeed an excellent measure of the number of relevant degrees of freedom. But its contribution to the string free energy is also unambiguously normalized because of the unique choice of worldsheet regulator. Thus, unlike a generic 2d quantum field theory, there is no "non-universal" piece in the string free energy. This insight follows from a landmark paper in 1986 by Polchinski [1] , where he pointed out that the oneloop vacuum energy density of a perturbative string theory is normalizable: it can be computed in flat spacetime backgrounds from first principles. As mentioned earlier, the exactly Weyl invariant Polyakov path integral gives the connected string vacuum functional, W = lnZ. At one-loop order, for example, this is the sum over connected one-loop vacuum string graphs in an embedding flat target spacetime [1] . How does this quantity relate to the 2d bulk CFT partition function, and to the 2d RG flows, that play a central role in our application of the g-theorem?
It is well-known that the Polyakov string path integral always reduces to an ordinary integral over what are known as the Riemann surface moduli: the shape parameters for the worldsheet [26] . At one-loop order, for example, the complex modulus, τ , describes the length and shear angle of the generic strip on which live the degrees of freedom in the bulk CFT [1, 26] . We have emphasized that W (β) is exactly Weyl invariant in critical string theory. Thus, in two-dimensional terms, we can interpret the one-loop string free energy, F =−W/β, as the unique expression for a scale-invariant distribution over the free energies of two-dimensional CFTs on a strip of varying length and shear. In other words, unlike the generic 2d field theory result described by AL [2] , the entire expression for the string theory free energy is universal. Notice that the use of a scale invariant regulator as dictated by the two-dimensional gauge invariances of critical string theory implies that the integral representation of F (β) is free of ultraviolet regulator-dependent ambiguity [1] . But it is also free of infrared regulator-dependent ambiguity, as a consequence of the modular invariance of closed string amplitudes [1, 3, 27] . Thus, W (β) is an intensive thermodynamic variable from the viewpoint of both the d-dimensional embedding target spacetime, and the two-dimensional worldsheet: W (β) is dimensionless. In contrast, F (β) has target spacetime dimension, but no worldsheet dimension. This is the reason there is no string theory analog of Affleck and Ludwig's non-universal term in the string theory free energy. As an aside, this property of universality for the string free energy holds for both closed, and for open and closed, perturbative string theories [8, 26, 27] .
RG Flow to a Noncompact Fixed Point
We now come to the main new result in this paper. We illustrate the general comments in the previous section with a simple example of an integrable relevant perturbation in the type II closed superstring theory. We will demonstrate by explicit computation that the central charge of the worldsheet sigma model can be preserved under a relevant flow of the worldsheet RG, also confirming that the bosonic vacuum degeneracy, g cl , is minimized at the infrared fixed point. g cl will be computed by isolating the leading contribution from tachyonic closed string modes to the one-loop string vacuum amplitude. Such tachyonic states correspond to relevant operators in the bulk worldsheet CFT [26, 24] , and they drive the flow to the IR fixed point. Happily, the IR fixed point will turn out to be the noncompact, zero temperature, supersymmetric flat spacetime vacuum of the type II superstring. Thus, our results will provide a simple confirmation of the more general conjectures made for worldsheet RG flows in generic noncompact target spacetimes in [4, 22] . Note that we are able to write down the explicit form for the one-loop string free energy at all points along the RG flow: we have an integrable relevant perturbation of the worldsheet RG. Thus, both the vacuum amplitude, as well as all of the bulk CFT correlation functions, can be computed with an exact dependence on the relevant coupling β. This conclusion will hold at all orders in the α ′ expansion, and it will be demonstrated explicitly at one-loop order in the string coupling constant.
It is helpful to understand our first-principles computation of the Polyakov path integral in the thermal vacuum from the perspective of the possible RG flows of the zero temperature vacuum. The worldsheet action is perturbed by, one or more, marginal operators of classical dimension (1, 1) in the unperturbed vacuum [26, 24, 14] :
where S P is the Polyakov worldsheet action in the Lorentz invariant flat target spacetime metric, g is the worldsheet metric, X denotes the embedding target space scalar fields, and where the O i (ξ a ; g) are deformations of classical dimension (1, 1) . Each corresponds to a marginal operator in the fixed point CFT described by the unperturbed worldsheet action. As is well-known from generic Wilsonian RG considerations, in the presence of one or more such marginal perturbations, the question of significance is the change in the scaling dimension of each marginal operator as a function of the set of couplings {λ i }. Of particular interest are the subset of marginally relevant operators that will drive the flow of the worldsheet RG.
The application to string thermodynamics we consider in this paper turns out to be especially simple from the perspective of RG flows: although there is an infinite tower of closed string winding and momentum modes in the string canonical ensemble [1, 28] , labeled by (n, w) where n, w ∈ Z denote thermal momentum, and thermal winding, number, respectively, we can nevertheless compute the string vacuum functional, W (β), explicitly as an exact function of β. Thus, we know precisely how the scaling dimensions of the various O i of interest change as a function of the single coupling β=1/T . Thus, for example, in the closed bosonic string ensemble analyzed in [1] , we find that all of the pure thermal momentum modes are relevant (tachyonic) at temperatures starting from zero, while the pure thermal winding modes start out at zero temperature either as marginal, or as irrelevant, operators. As we increase the temperature, each of the pure momentum modes crosses the threshold to marginal irrelevance, in sequence. But prior to the last of the pure momentum modes, that with n=1, turning marginally irrelevant, the first of the thermal winding modes, with w=1, has already turned tachyonic. Thus, there is always at least one relevant direction of the worldsheet RG at any temperature in the range from zero to infinity! In other words, the closed bosonic string canonical ensemble cannot describe an equilibrium thermodynamics: there is no IR stable fixed point either at zero temperature, or at any finite value of the temperature.
Fortunately, the situation will be much better for the closed oriented type IIA thermal ensemble described in [28] . Unlike the bosonic string, there is no zero temperature tachyon in the supersymmetric type IIA string, and the zero temperature flat spacetime vacuum must therefore correspond to a fixed point of the worldsheet RG. But is this fixed point IR stable at finite temperature? As has been shown by us in an accompanying paper [28] , it turns out to be impossible to eliminate thermal winding mode tachyons at temperatures above a string scale threshold we will denote as T w=1 compatible with any self-consistent choice of physical state conditions for the type IIA superstring. T w=1 is the temperature at which the first of the thermal winding modes turns tachyonic. By invoking the g-theorem described in section 2, we will succeed in showing that the flow of the RG under this relevant perturbation is, happily, in a direction towards the zero temperature fixed point.
Before we write down the modular invariant expression for the one-loop type IIA string vacuum functional, it is helpful to begin with the mass formula, namely, the scaling dimensions of the full spectrum of states in the bulk CFT prior to imposition of the thermal IIA physical state conditions. The details of the analysis of the IIA's worldsheet superconformal field theory (SCFT), which contains both worldsheet fermions and bosons, can be found in [28, 26] . The spectrum of relevant operators in the bulk SCFT is given by inspection of the mass formula in the (AP,AP) sector for worldsheet fermions, with antiperiodic boundary conditions imposed on the worldsheet fermions on both cycles of the torus. Potential tachyons are always string states with vanishing string oscillator number. Thus, (mass)
where β c =2πα ′1/2 is the string scale. The tachyonic physical states in the bulk SCFT are the pure thermal momentum or pure thermal winding states, (n, 0) and (0, w), n, w ∈ Z, and with no string oscillator excitations. As we will see in a moment, only the pure winding states will survive the thermal IIA string physical state conditions.
As pointed out in [28] , each pure momentum mode, (±n, 0), is tachyonic upto some critical temperature, T 2 n = 1/2n 2 π 2 α ′ , after which it becomes stable. Conversely, each winding mode (0, ±w), is tachyonic beyond some critical temperature, T 2 w = w 2 /8π 2 α ′ . Thus, at all temperatures starting from zero, one or more states in the physical Hilbert space of the 2d SCFT on the worldsheet corresponds to a relevant operator. But we should emphasize that this is not the case in the IIA string theory: the choice of phases in the string vacuum functional compatible with one-loop modular invariance eliminate all of the pure thermal momentum modes, so that the leading relevant perturbation of the worldsheet RG that corresponds to a physical closed string tachyon is the first of the thermal winding modes. As demonstrated explicitly in [28] , the choice of thermal mode number dependent phases in the expression for the one-loop type IIA closed oriented string vacuum functional is uniquely determined by the requirement of one-loop modular invariance. The result is: 
Notice that the integral over Riemann surface moduli covers the fundamental domain of the modular group of the torus, F , including, in particular, the |τ |→∞ region that determines the infrared behavior of the closed string theory. For technical details on the worldsheet SCFT of the type IIA closed oriented string theory, we refer the reader to the standard references [1, 26, 27, 28] . We reiterate that, as a consequence of the phases which implement the physical state conditions of the IIA thermal string theory, the tachyonic pure thermal momentum modes present in the bulk SCFT do not contribute to the type IIA string one-loop vacuum functional.
Since we have a relevant operator in the spectrum above T w=1 , we must follow the corresponding RG flow to identify the IR fixed point vacuum, if any. In order to confirm whether, in fact, the zero temperature IIA vacuum is the infrared stable fixed point of worldsheet RG flow, we must compare the explicit value obtained for the bosonic vacuum degeneracy, g, in the thermal IIA vacuum at generic temperatures above T w=1 with its value in the supersymmetric IIA vacuum at zero temperature. Thus, we consider the factorization limit of the torus amplitude, namely, the τ 2 →∞ limit of the modular integral dominated by the contribution from the lowest lying closed string modes. It is convenient to express the Jacobi theta functions in a |q|-expansion, where q=e 2πi(τ 1 +iτ 2 ) , focussing on the leading contributions to the modular integral [26] . For the IIA thermal vacuum at temperatures just above T w=1 , the contribution to the free energy from w = 1, n = 0 modes takes the form:
where the leading contribution is from the tachyonic winding number one states, and the next-to-leading order is the vanishing contribution from massless modes. There is an overall factor of two in comparison compared with the q expansion of the partition functions of the boundary CFT in the type I string, accounting for the presence of both left, and right, moving modes in the bulk CFT. Thus, the bosonic vacuum degeneracy is g cl =4, the number of relevant operators. Notice that a phase factor of (−1) in the contribution from the w=1, n=0 sector has resulted in a nonvanishing contribution from the O(|q| −1 ) terms in Θ 3 and Θ 4 , as opposed to the cancellation of these terms in the n=w=0 sector due to the opposite phase choice, (+1).
Next, let us compare with the value of the vacuum degeneracy, g cl , deduced from the expression for the one-loop vacuum energy in the noncompact, supersymetric, zero temperature vacuum [26, 28] :
Notice that while the zero temperature one-loop vacuum functional vanishes as a consequence of target space supersymmetry, the separate contributions from bosonic and fermionic degrees of freedom alone are nonvanishing. Thus, if we restrict ourselves to the bosonic degrees of freedom in the worldsheet sigma model as suggested in [22] , we find a nonvanishing, finite and normalizable result for g cl . Thus: the degeneracy of relevant bosonic degrees of freedom decreases from 2 to 1 along the RG flow to the fixed point. We have therefore established that the type IIA superstring thermal vacuum at temperatures just above T w=1 is unstable, and that the direction of worldsheet RG flow is towards the zero temperature vacuum. Moreover, the noncompact supersymmetric vacuum at zero temperture is found to be the infrared fixed point of the flow, giving a simple, and exactly solvable, illustration of the more general conjecture for the endpoint of relevant RG flows in the type IIA superstring theory on noncompact target spacetimes made in [4, 22] . Finally, as noted in section 2, in contrast to item (iii) of AL [2] which holds for a generic 2d quantum field theory, the expression for the one-loop string free energy, F (β)=−W (β)/β, given by Eq. (7) is universal, unambiguously normalized at all intermediate points along the RG flow. This includes the leading contribution from the relevant operators alone, exposed by the asymptotic expansion given in Eq. (8) .
From the perspective of 2d bulk CFTs, it may be helpful to point out that the contribution to F from relevant operators in the bulk CFT that survive the projection to the physical state space of the thermal IIA string, has been zeta-function regularized [6, 1] : an implicit choice of ultraviolet regulator has been made in the two-dimensional quantum field theory. From the perspective of string theory, on the other hand, this choice of ultraviolet worldsheet regulator was uniquely singled out by the two-dimensional gauge invariances of the string path integral: it preserves the full super-Diff×super-Weyl gauge symmetry of the critical type IIA superstring theory [1, 27] .
Exact Marginality and Noncompactness
It is of interest to also interpret the behavior of the thermal vacua of, respectively, the heterotic and type I or type I ′ supersymmetric string theories within the framework of the worldsheet RG. In the accompanying paper [28] , we have shown that a viable equilibrium thermodynamics exists for either canonical string ensemble in the full temperature range, 0≤T ≤∞. In other words, following the imposition of the thermal physical state conditions, the worldsheet SCFT is found to be at a fixed point of the RG at every value of the temperature, and there are no marginally relevant flows.
Let us begin with the closed oriented E 8 ×E 8 heterotic string ensemble which, unlike the type II strings, has a chiral current algebra with E 8 ×E 8 symmetry incorporated into the worldsheet N=(1, 0) chiral SCFT. Note that under a thermal duality transformation, the zero temperature E 8 ×E 8 vacuum is mapped to the zero temperature Spin(32)/Z 2 vacuum [28] , described by a fixed point SCFT with corresponding affine Lie algebra. Let us interpret the interpolating thermal heterotic vacua at any finite value of the temperature in terms of 2d RG flows following arguments, originally made in the context of a different physical application, in the references [12, 13, 28] . As is well-known, the vacuum space of fixed point solutions to the heterotic string theory are most conveniently described in terms of transformations on a Lorentzian even self-dual lattice [12, 13, 26] . Let us denote the spacetime dimension-free inverse temperature by the dimensionless variable x, namely, β=2πα ′1/2 x. Then the dimensionless timelike momentum vectors corresponding to, respectively, thermal momentum and thermal winding modes labeled (n, w) in our discussion above, can be seen to take values in an even self-dual lattice, (l L , l R ), of Lorentzian signature [26] :
Appending the 16d, left-moving, vectors, P, belonging to the Euclidean, even self-dual gauge lattice of the heterotice string, E 8 ⊕E 8 , gives a Lorentzian (17, 1)-dimensional Lorentzian even self-dual lattice. Consider introducing a Wilson line wrapping the Euclidean time coordinate [13] :
. This can be interpreted as a "boost" in the Lorentzian momentum lattice that is required by modular invariance to take the precise form [12, 13] :
(11) Spacetime supersymmetry will be spontaneously broken as we turn on the coupling 1/β, a phenomenon that was first discovered, and explored via numerical evaluations of the one-loop heterotic string free energy, in a somewhat different context by Ginsparg and Vafa [18] , and also Itoyama and Taylor [19] .
What kind of RG flow does the coupling 1/β represent? In the tachyonfree heterotic ensemble, the flow is along a continuously connected set of SCFT fixed points. Thus, the temperature-dependent timelike Wilson line parameterizes an integrable exactly marginal flow [14] of the zero temperature worldsheet SCFT. The resulting expression for the vacuum functional of the thermal heterotic string along this integrably marginal flow, both exact and nonperturbative in the coupling β, can be found in [13, 28] . We reiterate that the heterotic string thermal vacuum is a fixed point SCFT at every value of the temperature starting from zero. Thus, all of the SCFT states carrying thermal momentum correspond to either marginal or irrelevant flows of the worldsheet RG [28] . We emphasize that this result has been demonstrated to hold at one loop order in string perturbation theory; we will comment on the extension to higher loops in the Conclusions. [26] , so our comments can be adapted to include all of these cases. The free energy in either string theory is given by summing over worldsheets with four different topologies: torus, cylinder, Mobius strip, and Klein bottle. The result for the sum over closed oriented worldsheets, namely, the torus, is identical to that described for the type IIA, or IIB, string theory in section 3.
6 Since the worldsheet RG flow is in the direction back to the supersymmetric, infraredstable fixed point at T =0, the closed oriented sector of both the type IB, or I ′ , string does not break supersymmetry at one-loop order in the string perturbation theory. For the remaining worldsheet topologies, the one-loop type IB string free energy takes the form [28] :
The thermal modes of the type IB theory correspond to a Matsubara-like frequency spectrum with timelike momentum spectrum: p n =2nπ/β, where n∈Z. The functions Z [0] , Z [1] , and Z [2] are defined as follows:
where the (00), (10), (01), and (11), denote, respectively, (AP,AP), (P,AP), (AP,P), and (P,P), boundary conditions on worldsheet fermions along the two cycles of the strip. In this expression, P and AP denote the periodic and antiperiodic boundary condition on fermions. Remarkably, and for the same reasons pointed out by Polchinski in [8, 20, 26] in the supersymmetric type IB vacuum with N=32 D9branes and SO(32) Yang-Mills gauge group, we find that the absence of a tadpole for the dilaton field in the type IB thermal vacuum is a direct consequence of the absence of the unphysical RamondRamond sector tadpole. 7 For the non string theorist reader, we comment that the dilaton is the massless scalar mode living in the (AP,AP) sector of the SCFT, and its vacuum expectation value determines the strength of the perturbative string coupling [26] .
The reason is as follows: there is a potential divergence in the one-loop type IB amplitude arising from a tadpole for an unphysical mode in the (P,P), or Ramond-Ramond, sector of the type IB SCFT [8, 20, 26] . The only possibility from the perspective of the target space type IB supersymmetry suggests an "eleven-form" field strength, clearly meaningless in a theory with only ten target spacetime dimensions. However, upon requiring that the type IB physical state conditions eliminate the tadpole in the (P,P) sector, we discover that the tadpole in the (AP,AP) sector is simultaneously absent! We should reiterate that the tadpole cancellation mechanism described here operates in the thermal type IB vacuum in precise analogy with the supersymmetric zero temperature vacuum [8, 9, 20, 26] .
In summary, there are no marginally relevant operators in the physical spectrum of the thermal type IB vacuum at all temperatures starting from zero. Thus, we have a continuously connected line of SCFT fixed points, another illustration of an integrably marginal deformation [14] of a zero temperature string vacuum, as in the case of the heterotic string ensemble described above. However, unlike the case of the heterotic string, we find that requiring the absence of a tadpole for the unphysical Ramond-Ramond sector massless mode results in the vanishing of both the dilaton tadpole, as well as the one-loop string free energy. Remarkably, this is despite the fact that target space supersymmetry has been broken at one-loop order in the string perturbation expansion.
Conclusions
We have shown that Affleck and Ludwig's g-theorem can be fruitfully adapted to an exploration of the vacuum structure of the perturbative string theories. As pointed out in [3] , Zamolodchikov's c-theorem cannot be applied here because the fixed points of the worldsheet CFT must necessarily include the decompactification limits of the target spacetime where the CFT develops a continuum of scaling dimensions. The bosonic vacuum degeneracy of the bulk CFT on the worldsheet, g cl , is indeed a natural analog of AL's boundary entropy, g, and it gives a precise characterization of the RG flows in a bulk CFT when the central charge is held fixed. This proposal was due to Harvey, Kutasov, Martinec, and Moore [22] , and we have given an explicit, and exactly solvable, illustration of their conjecture. Our example of an integrable relevant flow to a noncompact fixed point of the RG in the bulk SCFT is taken from the subject of type II superstring thermodynamics.
We have clarified in this paper that, more precisely, the bosonic vacuum degeneracy, g cl , of the worldsheet sigma model counts the number of marginally relevant operators in the bulk CFT that also satisfy the string physical state conditions. An important distinction from AL's conclusions for a generic 2d quantum field theory [2] is the fact that, in string theories, the contribution to the free energy from relevant operators is unambiguously normalized [1] , and therefore universal. The universality of the string free energy follows from the existence of a unique choice of worldsheet ultraviolet regulator preserving all of the 2d gauge symmetries of critical string theory: diffeomorphism × Weyl invariance, as was first noticed by Polchinski in [1] .
The presence of a tachyonic closed string thermal winding mode has been widely misinterpreted as possible indication of a phase transition in the canonical string ensemble. 8 Invoking worldsheet RG reasoning, we have clarified that, on the contrary, the thermal tachyonic mode only indicates a relevant flow of the worldsheet RG. The question of significance is, instead, as follows: does this RG flow terminate in a nontrivial infrared fixed point? In the case of the thermal IIA string ensemble we have shown, by explicit computation, that the RG flow terminates at the noncompact fixed point at zero temperature, namely, the supersymmetric 10d IIA string vacuum. Our analysis is therefore an especially simple, and exactly solvable, illustration of the conjecture due to Adams, Polchinski, and Silverstein [4] for the IR endpoint of generic RG flows in noncompact orbifold compactifications of the IIA string theory.
Finally, we have shown in [28] that there exists a viable equilibrium thermodynamics for both the heterotic, and the unoriented open and closed, string ensembles: the thermal spectrum is tachyon-free at all temperatures starting from zero. From the perspective of the worldsheet RG, this is a direct consequence of the absence of any marginally relevant operators in the Hilbert space of the SCFT, upon imposition of the thermal string physical state conditions. Thus, we have an example of an integrable, or exactly marginal, deformation [14] of the zero temperature string vacuum in either ensemble, heterotic or type I, and the exactly marginal coupling parameterizing the line of fixed points is simply the temperature, 1/β. In the type IB ensemble we have, in addition, a remarkable observation that has been explicitly demonstrated at one-loop order in the string perturbative expansion: the nonsupersymmetric thermal type IB vacuum has vanishing free energy, in addition to a vanishing dilaton tadpole [28] .
This remarkable observation appears to us strong motivation for a future investigation of the impact of string loop corrections on our result. Recall that for any self-consistent type IB vacuum we must require, of course, the absence of a tadpole for the unphysical Ramond-Ramond state at any order in string perturbation theory [8, 26] . This is assumed to hold for the target space supersymmetric type IB string vacuum with O(32) gauge group up to arbitrarily high orders in string perturbation theory since there is neither evidence of a dilaton tadpole, nor any other indication of an infrared instability of the vacuum. As explained in section 4 [28] , at one-loop order, the absence of a dilaton tadpole is guaranteed by the absence of the unphysical Ramond-Ramond sector tadpole. Remarkably, this beautiful property was found to hold both at zero, and at finite, temperature. Might this be a hint that a dilaton tadpole cannot, in fact, arise in the nonsupersymmetric thermal type IB vacuum at any order in string loop perturbation theory once we have required absence of the Ramond-Ramond sector tadpole at corresponding loop order? This could lead to an insightful, and succinct, statement of the necessary physical state conditions for type IB string vacua in the spirit of the worldsheet RG approach. As a final comment, we should note that the mechanism by which we have achieved a vanishing one-loop vacuum energy density in a nonsupersymmetric string vacuum, and where susy has been broken by thermal effects alone, was only possible in an unoriented open and closed string theory.
More generally, we have shown that the spontaneous restoration of target space supersymmetry in the decompactification limit of the perturbative string theories, first noted in [16, 19, 18, 17] , is amenable to worldsheet RG techniques. In recent years, both generalizations, and counter-examples, to the validity of the g-theorem in two-dimensional field theories with longrange interactions have appeared in the condensed matter physics literature [29] . Worldsheet sigma models with nontrivial bulk, or boundary, potential have long been studied in string theory, and many examples exhibit integrability properties that make them amenable for precise computations at all orders in the α ′ expansion. Classic, well-studied, examples include the noncompact SL(2, R)/U(1) coset sigma model and generalizations [30] , the boundary Sine-Gordon or Caldeira-Leggett model [31] , and the boundary Liouville theory [32] . It would be most intriguing to explore these possibilities for an illustration that bypasses the g-theorem, namely, climbs the barrier with a reversed RG flow while breaking target space supersymmetry. Our analysis of a relevant thermal perturbation that describes a spontaneous breaking (restoration) of supersymmetry suggests that such a possibility is not wholly unrealistic, but a concrete example remains to be found.
